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Backstepping

= Constructive (=systematic) control design for nonlinear systems

= Applies to systems of lower triangular form

X, = f (X, X .
X1 ) fl((Xl x2)X ) (essentially same as for
2™ 2% 2 s feedback linearization)

X, = £ (X, X X000, X, 1)

1y

= Can be used to avoid cancellation of "useful nonlinearities"
(unlike feedback linearization)

= Different flavours: adaptive, robust and observer backstepping
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Lyapunov stability (geometric interpretation)

« Dynamics: X = f(x)

ol L/ = Lyapunov function: V(X)

* For stability: |V =V f<0

X

§ 0 - -lg - -
N * Dynamics: X =f(X)+ g(X)J
2L - — - -
| = V(x) isaCLFif
3 I
4 3 T
V=V f+Vgu<0
for some u
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Example 1 (backstepping)

Step 21 X, =X, ~X,q =X, +Xi +X,

BX, = X, + X, /(P
%2 =u+(2x1+1)(—x1+iz)

. 2
Step 1: led_—l—tl =X, v, =%Xf +%')Z§
Vl_EX'l , Vz =X1(—X1+§2)+§('2(u+(p)
Vi =%, =X, <0 w— :—xf+§2(xl+u+(p)
T X=X =X -%2<0

it U=-X~@Q-X,
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Example 1 (feedback linearization)

).(1 = X]2. + X2
X, = 5 | Which control law
’ should | choose?
y=X=2;
21 = X]2. + XZ = ZZ
z,=2zz,+u | Same control law with
ﬁ . k,=k,=2
u=-2z,z, -k;z, -K,z, gives stability
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"Conclusion”

Backstepping with linearizing virtual control laws
and quadratic Lyapunov functions

=)

Feedback linearization

/

Easier to tune
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Example 1 (backstepping)

Step 21 X, =X, ~X,q =X, +Xi +X,
@Xl Xt i2 /(P
% _U+(2X1+1X X1+X)
. -2 _
Step 1: XZ’(,_—1 ):1 X, V, =1x f %')Z
Vl_EXl V =X ( x1+§2)+'>22(u+(p)
Vl:X1X1:_XfSO > =—xf+§2(xl+u+(p)
if X, =X,4 =X’ -%2<0
it |U==X,—@-X,
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Example 2 (adaptive backstepping)

Step 21 X, =X, ~X,q =X, +Xi +X,

BX, ==X, +X,

, =U+(2x, +1)-x, +%, ) +6x2
2152 +1(0-6f

V, = =x2 + %, (x, +u+@+6x2) - (6 Gb

Step 11 X,4 =X =X

u=-x,-@-X,-0x] gives

2 T2
2 1 2
if 8= —izxgl
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Example 3 (useful nonlinearity)

X, ==X + X, +X, Step 20 X, =X, =X, q =X, +X;
X, =U Bk, ==X +X,
L. s~
6 B, =u—x; +X,
AN =x3+x — v
2 B Vz _W(X1)+EX2
o — y ' 3.3 Javw 3.5
| = V2=W(xl)(—xl+x2)+x2(u—x1+x2)
T I
- — 3 -~ 3 -~
: =-W (Xl)xl +X2(\N (X1)+U_X1 +X2)
-6-2 -1 0 1 2
With =1x?| we can select
Step 11 X,q =X, W(x,)=4x]
V, = W(xl) u= —3X2| to achieve V, = —x® -2%2 <0
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Example 3 (control law properties)

= Cascaded control implementation

I o 3
X, =—X] X, tX
X, 1 1 1 2 X,

» No cancellations 00 gain margin (1/3, «)

= Inverse optimal, minimizes

o 3Gaenf e
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Design paths

System backstepping >J| CLF, control law ‘

~

TRICK on TREAT!
@

backstepping [~ - | Sontag’s formula control law
@ | CLF | (inverse optimal)

Ex 1:
backstepping H control law
System o CLF = » (locally optimal,
(Ezal et al. 2000) | globally inv. opt.)
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Backstepping control of arigid body

= Plug-and-play flight controller

= Use vector description of dynamics for control design

(Extension of CDC 2002 paper by Glad & Harkegard.)
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Control problem

= 6 states: V, w

* 4 inputs: Ug, Uy,
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Gravity

: < u
mV = —wxmV +f(V,t)+uh — F
Jw=-wxJw+u,

’ Aerodynamics

= Stationary motion;

<l

V=V,
W= g(VO)+y\70
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Controlled variables

= Angle of attack, a
V: » Sideslip angle, B

= Total velocity, |V|

wV: = Velocity vector roll rate, p,, ,ﬁﬁ#_ﬁ,.

Y
Pw
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Backstepping novelties

= No clear lower triangular form

mV = —wxmV +f(V,t)+uh

. = Vector states (not scalars)
Jw=-wxJw+u,,

= MIMO problem
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Backstepping design

Step 1: MV =—wxmV +f(V,t)+uf Step 2 |J0=—wxJw+u,
w,=2(V-Vv,)(V-V,
=2 (%) (V- V) o
Up = U +Ug — T
PR cancel f(V,t) W, =cW, +;0'®
W, =0+ .
W, <0 if we select
W=w; gives

luy, = Wx Joo+ Iy, ~ K,

W, =mo' (VxV,)+t.(V-V,)A

U =k, (V- V)
=K, (VxV,)+W

W, <0 if we select
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Closed loop dynamics

» Independent of nonlinear force f(V,t) (but not linear)

= Good decoupling

= Easy to tune locally linear dynamics of |V|, a, B and w
= Singular at a = 90 deg

* Robustness?
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Flight simulation

cxref' Y uF
Bt =0 Matlab/Simulink FlightGear

@ Backstepping
@\ = = controller " —
z =
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